Vertex distortion of lattice knots by Campisi, Marion & Cazet, Nicholas
VERTEX DISTORTION OF LATTICE KNOTS
MARION CAMPISI AND NICHOLAS CAZET
Abstract. The vertex distortion of a lattice knot is the supre-
mum of the ratio of the distance between a pair of vertices along the
knot and their distance in the `1-norm. We show analogous results
to those of Gromov, Pardon and Blair-Campisi-Taylor-Tomova about
the distortion of smooth knots hold for vertex distortion: the ver-
tex distortion of a lattice knot is 1 only if it is the unknot, and
that there are minimal lattice-stick number knot conformations
with arbitrarily high distortion.
1. Introduction
A polygonal knot is a knot that consists of line segments called sticks.
A lattice knot is a polygonal knot in the cubic lattice L3 = (R × Z ×
Z)∪ (Z×R×Z)∪ (Z×Z×R). All knots and curves in this paper are
taken to be tame.
The vertex set of a lattice knot K, denoted V (K), is the set of points
p ∈ K ∩ (Z× Z× Z). The vertex set of a tame lattice knot is finite.
For smoothly embedded knots one can assign a value called the dis-
tortion:
δ(K) = sup
p,q∈K
dK(p, q)
d(p, q)
.
Here, we define the vertex distortion of a lattice knot K in R3 as
δV (K) = sup
p,q∈V (K)
dK(p, q)
d1(p, q)
= max
p,q∈V (K)
dK(p, q)
d1(p, q)
where dK(p, q) denotes the shorter of the two injective paths from p
to q along K and d1(p, q) =
∑3
i=1 |pi − qi|, the `1−metric. Unlike
the distortion of general rectifiable curves, as introduced by Gromov
[4], the supremum may be replaced with the maximum in our vertex
distortion of lattice knots: the set V (K) is finite. We can turn this into
a knot invariant by defining for each lattice knot type [K]
δV ([K]) = inf
K∈[K]
δV (K)
where the infimum is taken over all lattice conformations K represent-
ing the knot type [K].
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The distortion of smooth knots has proved to be a challenging quan-
tity to analyze. Gromov showed that δ(K) ≥ pi
2
with equality if and
only if K is the standard round circle [4]. Moreover, Denne and Sullivan
showed that δ(K) ≥ 5pi
3
whenever K is not the unknot [3].
In 1983, Gromov [4] asked if there is a universal upper bound on
δ(K) for all knots K. Pardon [5] answered this question negatively
when he showed that the distortion of a knot type is bounded below by
a quantity proportional to a certain topological invariant, called repre-
sentativity. Blair, Campisi, Taylor, and Tomova showed that distortion
is bounded below by bridge number and bridge distance and exhibit
an infinite family of knots for which their bound is arbitrarily stronger
than Pardon’s.
We show that analogous to [4],
Theorem 1.1. For any conformation K of a knot in the cubic lattice,
δV (K) = 1 only if K is the unknot.
and like [5] and [2]
Theorem 1.2. There exists a sequence of reduced, minimal lattice-stick
number knots, Tp,p+1, with δV (Tp,p+1)→∞ as p→∞.
This paper is structured as follows: Section 2 contains relevant defi-
nitions, and background. Theorem 1.1 is proved in Section 3. Section
4 tabulates a family of knots used to prove Theorem 1.2. Section 5 and
6 establish properties of these knots. In Section 7, the knots are used
to prove Theorem 1.2.
2. Definitions
For the duration of the paper, all knots K are taken to be orientated
lattice knots, and [K] is the class of lattice knots isotopic to K.
Definition 2.1. The stick number of a conformationK, denoted sCL(K),
is the number of sticks, i.e. connected line segments, in the conforma-
tion of K.
Definition 2.2. The edge length of a conformation K, denoted eL(K),
is the number of unit length edges in the conformation K.
Endow a lattice knot with an orientation. Then, there is a bijection
between the set of edges and the set of vertices by sending each edge
to its terminal point. Thus, |V (K)| = eL(K).
Definition 2.3. The minimal lattice-stick number or lattice stick index
of [K] is sCL([K]) = min
K∈[K]
sCL(K).
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Definition 2.4. For a lattice knot, the endpoints of each stick are
vertices of K; call such a vertex a critical vertex of the lattice knot.
Since our lattice knots are taken to be orientated, each stick has a
well-defined initial and final vertex, v0 and vf respectively. The point
vf − v0 is a coordinate triple with zeros in all but one coordinate; the
nonzero coordinate value defines the stick type: x+, y+, z+, x−, y−, or
z−.
Definition 2.5. Let K be an orientated lattice knot. Let v0 and vf
be the initial and terminal vertices of a stick S ⊂ K. We have that
vf − v0 = (a, b, c) ∈ Z3. Then S is an x+-stick if a > 0 and a x−-stick
if a < 0. A y+-, y−-, z+-, and z−-stick is defined analogously where b
or c is positive or negative.
Heuristically, a stick is parallel to the x-, y-, or z-axis with an orien-
tation dictating whether it has an increasing or decreasing, x-, y-, or
z-coordinate, respectively, while all other coordinates are held constant.
The coordinate that is changing, along with whether it is increasing or
decreasing, gives the stick type.
Every lattice knot can be described as a sequence of stick lengths
and a paired sequence of stick types. Beginning at a critical vertex,
the orientation induces an ordering of the sticks types. This orientation
also induces a sequence of stick lengths. Every lattice knot can be
isometrically translated such that any critical vertex translates to the
origin, therefore our convention will be for this construction to begin
at the origin.
x y z
1 2 1 3
2 3 2 2 z+, x+, y+, z−, x−, y−, z+, x+, y+, z−, x−, y−
3 2 3 1
4 1 2 2
Figure 1. Stick length sequence with pairing stick type
sequence of the trefoil
The tabulation of stick lengths paired with the stick type sequence
in Figure 1 gives a construction for the trefoil. The jth row of the
x-column reads the length of the jth x-stick, similarly for the y- and
z-columns. Beginning at the origin, we see the stick type sequence is
initiated by z+-, x+-, and y+-sticks. Since these are the first x-, y-, and
z-sticks, we read the lengths of these sticks from the first row, 3, 2, 1,
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respectively. The following stick type is z−. Since this is the second
z-stick traversed, we read its length from the second row of the table.
Figure 2 illustrates the prescribed construction of Figure 1. A square
is placed at the critical vertex lying at the origin, the initial point of
this construction, and an orientation arrow is shown above the origin
exhibiting that the first stick in the sequence is a z+-stick. The vertices
of the knot are shown with dots.
Figure 2. Trefoil constructed from the tabulation in
Figure 1
In general, there are as many rows in the tabulation of stick lengths,
as seen in Figure 1, as the largest total of either x-, y-, z-sticks. If a
knot has more z-sticks than x- or y-sticks, then the x and y columns
will be padded with zeros, beginning when the row exceeds the number
of x- or y-sticks. No such padding will be necessary for the knots we
tabulate.
Definition 2.6. A staircase walk from a ∈ L3 to b ∈ L3 is a piecewise
linear, continuous curve
r : [0, 1]→ L3
given by r(t) = (x(t), y(t), z(t)) such that r(0) = a, r(1) = b and each of
x(t), y(t), and z(t) is, independently, nondecreasing or nonincreasing.
All possible staircase walks between (1, 1, 0) and (3, 3, 0) are shown
in Figure 3; since the entry-wise difference of these two points has no
change in the z-coordinate, all walks are subsets of the xy-plane.
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Figure 3. Staircase walks between (1, 1, 0) and (3, 3, 0)
For a = (a1, a2, a3),b = (b1, b2, b3) ∈ Z3, the number of staircase walks
from a to b is
d1(a,b)!
(|a1 − b1|)!(|a2 − b2|)!(|a3 − b3|)! .
It is important to note that a staircase walk represents a most ef-
ficient path in the lattice from one vertex to another, i.e. for a,b ∈
V (K), all staircase walks from a to b are of length d1(a, b) and no lattice
path from a to b has a shorter length.
Lemma 2.7. A path from a ∈ Z3 to b ∈ Z3, in L3, has length d1(a,b)
if and only if it is a staircase walk.
Proof. Suppose r is a path in L3 from a = (a1, a2, a3) ∈ Z3 to b =
(b1, b2, b3) ∈ Z3 with length d1(a,b). Through an isometry, we may
assume that ai < bi for all i ∈ {1, 2, 3}. The sum of the x+-stick
lengths must be at least b1 − a1. Likewise, the sum of the y+- and
z+-stick lengths must be at least b2− a2 and b3− a3, respectively. The
length of the path is the sum of the stick lengths. Let s be the sum of
the negative stick lengths. Then the length of the path is greater than
or equal to (b1 − a1) + (b2 − a2) + (b3 − a3) + s = d1(a,b) + s. Since
the length of path is d1(a,b), s = 0 implying that no negative sticks
exist. Therefore, all coordinate functions of r are nondecreasing, i.e. r
is a staircase walk.
Suppose r is a staircase walk in L3 from a = (a1, a2, a3) ∈ Z3 to
b = (b1, b2, b3) ∈ Z3. Through an isometry, we may assume that ai < bi
for all i ∈ {1, 2, 3}, i.e. all coordinate functions of r are nondecreasing.
Therefore, this path will be comprised of only x+-, y+-, and z+-sticks.
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Thus, the sum of the x-stick lengths is b1−a1. Likewise, the sum of the
y-, and z-stick lengths is b2 − a2 and b3 − a3, respectively. The length
of the path is d1(a,b) = (b1 − a1) + (b2 − a2) + (b3 − a3).

Definition 2.8. The minimal bounding box of K is the box, [x1, x2]×
[y1, y2] × [z1, z2], of smallest volume that contains K. The points
{(xi, yj, zk) : i, j, k ∈ {1, 2}} are corners of the minimal bounding box.
The minimal bounding box of a lattice knot will have integer end-
points for all intervals in its product.
Lemma 2.9. A vertex v = (v1, v2, v3) ∈ V (K) is a corner of the
minimal bounding box of a lattice knot K if and only if v1, v2, and v3 are
upper or lower bounds on the set of x-, y-, and z-values, respectively,
of K’s vertices.
Proof. Let [x1, x2] × [y1, y2] × [z1, z2] be the minimal bounding box of
a lattice knot K. Every vertex in K has an x-coordinate between x1
and x2, a y-coordinate between y1 and y2, and a z-coordinate between
z1 and z2.
Let v be a corner of the minimal bounding box. Then v is of the
form v = (v1, v2, v3) = (xi, yj, zk), for i, j, k ∈ {1, 2}. If i = 1, j = 1, or
k = 1, then v1, v2, or v3 bounds, from below, their respective coordinate
values of the vertices. If i = 2, j = 2, or k = 2, then v1, v2, or v3 bounds,
from above, their respective coordinate values of the vertices.
Let v = (v1, v2, v3) ∈ V (K). If v1 is less than or equal to all the
x-values of vertices, then v1 = x1 from the definition of the minimal
bounding box. If v1 is greater than or equal to all the x-values of
vertices, then v1 = x2. Apply the same argument to v2 and v3. Thus,
v is of the form v = (xi, yj, zk), for i, j, k ∈ {1, 2} and is necessarily a
corner of the minimal bounding box.

Lemma 2.10. Let K be a lattice knot. Then eL(K) is even.
Proof. Since a knot is a closed curve, the sum of the x+-stick lengths
must equal the sum of the x−-stick lengths, likewise for the y- and z-
sticks. This implies that the sum of x+- and x−-stick lengths is even,
similarly for the y- and z-sticks. The edge length of a knot is the sum
of all stick lengths. Therefore, the edge length is the sum of three even
positive integers. 
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3. Conformations with δV = 1
Theorem 3.1. Let K be a lattice conformation with eL(K) = `. Then
δV (K) ≤ `2 .
Proof.
δV (K) ≤ max
p,q∈V (K)
dK(p, q) ≤ `
2

Theorem 3.2. For any [K], δV ([K]) ≥ 1 and δV ([U ]) = 1.
Proof. For any lattice knot K and any pair of points p and q in V (K),
dK(p, q) ≥ d1(p, q). Thus, δV (K) ≥ 1 implying that δV ([K]) ≥ 1. If
[K] = [U ], consider the conformation U = ∂[0, 1]2 × {0}. For any pair
of points p and q in V (U), dK(p, q) = d1(p, q). Therefore, δV (U) = 1
and δV ([U ]) = 1.

Two points v and v′ ∈ V (K) are antipodal if the two distinct injective
paths r1 : [0, 1]→ K and r2 : [0, 1]→ K from v to v′ are of equal length.
We now prove Theorem 1.1.
Proof. LetK be a lattice knot with δV (K) = 1, and let v = (v1, v2, v3) ∈
V (K). By Lemma 2.10, eL(K) = 2` for some positive integer `. There-
fore, there exists a point v′ ∈ V (K) antipodal to v. Note,
1 ≤ dK(v, v
′)
d1(v, v′)
≤ max
p,q∈V (K)
dK(p, q)
d1(p, q)
= δV (K) = 1.
This implies the shortest path from v to v′ has a length equal to
d1(v, v
′). Since the points v and v′ are antipodal, both paths are of
equal length. Therefore, r1 and r2 are both staircase walks, by Lemma
2.
Thus, if a coordinate function of r1 is nondecreasing, then the same
coordinate function of r2 is nondecreasing, likewise if the coordinate
function is nonincreasing: Assume that the x-coordinate function of r1
is nondecreasing. Then the x-value of r1(1) is greater than or equal
to v1. Since r1(0) = r2(0) and r1(1) = r2(1), the x-value of r2(1) is
greater than or equal or equal to the x-value v1. Thus, r2 has a non-
decreasing x-coordinate function. An analogous argument applies for
each component function and whether said function is nondecreasing
or nonincreasing.
Assume that the x-coordinate functions of r1 and r2 are nondecreas-
ing. Then all points in the image of r1 and r2 have x-coordinates
greater than or equal to the x-value of v1. Since K is the union of the
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image of r1 and r2, all vertices of K have an x-coordinate greater than
or equal to v1. If the x-coordinate functions were nonincreasing, then
all vertices of K would have an x-coordinate less than or equal to v1.
A similar argument applies to the y- and z-coordinate functions of the
paths. Thus, the x-, y-, and z-coordinates of all vertices are bounded
by v1, v2, and v3, respectively; therefore, we have that v and v
′ are
corners of the minimal bounding box, Lemma 2.9.
Since each vertex is a corner of the minimal bounding box of K,
K is contained in the boundary of the minimal boundary box. The
boundary of the minimal boundary box is ambiently isotopic to S2 and
the only knot embeddable in such a surface is the unknot.

Corollary 3.3. The only lattice knot conformations of vertex distor-
tion equalling one, up to isometry, are shown in Figure 4.
Figure 4. Lattice conformations with vertex distortion
equalling one
4. Lattice Torus Knots
In [1] the authors illustrated a triplet of lattice knots but no stick
length or verification of knot type was given. In this section, we will
verify a tabulation to be that of a (p, p + 1)−torus knot with similar
geometry to that of [1]
For positive integers p > 2, the tabulation of our Tp,p+1 knots are
given in Figure 5. Once verified as (p, p + 1)-torus knots, these knots
will be used to prove Theorem 1.2.
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x y z
1 2 p− 1 2p− 1
2 3 p 2p− 2
3 3 p− 1 2p− 3
4 4 p 2p− 4
5 4 p− 1 2p− 5
6 5 p 2p− 6
7 5 p− 1 2p− 7 z+, x+, y+, z−, x−, y−,
...
...
...
... z+, x+, y+, z−, x−, y−, . . .
2p− 6 p− 1 p 6 z+, x+, y+, z−, x−, y−
2p− 5 p− 1 p− 1 5
2p− 4 p p 4
2p− 3 p p− 1 3
2p− 2 p+ 1 p 2
2p− 1 p 2p− 1 1
2p 1 p p
Figure 5. Stick length sequence with pairing stick type
sequence of Tp,p+1
The sequence of stick types has 6p terms and is periodic with period
6. There are 2p x-sticks, 2p y-sticks, and 2p z-sticks.
First, let us verify that this tabulation of stick types and lengths
constitutes a polygonal closed curve. The sum of z+-stick lengths
must equal the sum of the z−-stick lengths, similarly for the x- and
y-sticks. The sequence of stick types dictates that the sum of the z+-
stick lengths, denoted
∑ |z+|, is the sum of the odd row entries in the
z-column of Figure 5 while
∑ |z−| is the sum of the even row entries.
Thus,∑
|z+| = (2p− 1) + (2p− 3) + (2p− 5) + · · ·+ 3 + 1 = p2,
and∑
|z−| = [(2p−2)+(2p−4)+(2p−6)+· · ·+4+2]+p = [p(p−1)]+p = p2.
Likewise,∑
|y+| = [p−1+p−1+ · · ·+p−1]+2p−1 = [(p−1)2]+2p−1 = p2,
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∑
|y−| = [p+ p+ · · ·+ p] + p = [p(p− 1)] + p = p2,
∑
|x+| = [2+3+4+· · ·+p]+p = [(p+2)(p−1)/2]+p = p2/2+3p/2−1,
and∑
|x−| = [3+4+5+· · ·+p+1]+1 = [(p+4)(p−1)/2]+1 = p2/2+3p/2−1.
Therefore, these sticks form a closed curve, and the total length of
the curve is
5p2 + 3p− 2.
Each y- and z-stick lies in a plane whose x-coordinate is some integer
a; these sticks exist in the x-level a of the knot.
Definition 4.1. The x-level a, for a ∈ Z, of a lattice knot K is the
intersection of the plane x = a and K. The y-level a and z-level a of
K is defined analogously for planes y = a and z = a.
Each level of a lattice knot will be empty or contain a set of disjoint
arcs and/or points.
If each level of our closed lattice curve contains no double points,
then the curve is simple. The nth partial sum of the the y-stick length
sequence will give the y-level containing the nth y-stick’s terminal crit-
ical vertex.
If the terms of the partial sum sequence of y-stick lengths are all
distinct, then Tp,p+1 contains just one arc in each y-level, similarly for
the x- and z-stick lengths.
Moreover, a sole arc in a level of our closed curves could not intersect
itself; this is a result of the stick type sequence cycling z-, x-, y-sticks
consecutively. Each arc will be a figure “L”.
Thus, double points of our Tp,p+1 closed curves could only occur on
levels that represent repeated values in the partial sum sequence of a
given stick type’s length sequence.
The partial sum sequence of the y-stick length sequence is
p− 1,−1, p− 2,−2, p− 3,−3, . . . , 1, 1− p, p, 0.
Ordering the values of this sequence in nondecreasing order, we obtain
1−p, 2−p, . . . ,−2,−1, 0, 1, 2, . . . , p−2, p−1, p and observe that there
are no repeated values of the sequence.
The partial sum sequence of the z-stick length sequence is
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2p− 1, 1, 2p− 2, 2, 2p− 3, 3, . . . , 1, 1− p, p, 0.
Ordering the values of this sequence in nondecreasing order, we obtain
0, 1, 2, 3, . . . , 2p − 1 and observe that there are no repeated values of
the sequence.
The partial sum sequence of the x-stick length sequence is
2,−1, 2,−2, 2,−3, 2,−4, . . . , 2, 2− p, 2, 1− p, 1, 0.
Excluding the 2p − 1st term, all odd indexed values are 2, and 2 is
the only repeated value of this sequence. All x-levels excluding x-level
2 contain just one arc. We will show that x-level 2 does not contain
any double points, illustrating that no level of Tp,p+1 contains a double
point.
The value 2 is repeated p−1 times in the partial sum sequence of the
x-stick length sequence. Therefore, x-level 2 will have p− 1 y−z−-stick
arcs, as in Figure 6.
Figure 6. x-level 2 of T5,6
The initial critical vertex of a y−z−-stick arc, in this plane, has a
y and z value one less than the previous stick’s initial critical vertex.
Order the initial critical vertices of these arcs following the orientation
of the closed curve; this gives the sequence v1,v2, . . . ,vp−1 seen in
Figure 6. Each column of stick lengths in Figure 5 can be used to define
a sequence of vectors. Let zi = (0, 0, zi) where zi is the value in the
ith row of the z-column in the table of lengths; we define xi = (xi, 0, 0)
and yi = (0, yi, 0) likewise. Then, v1 = z1+x1 = (2, 0, 2p−1). We can
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then define a recursive sequence
vn = vn−1 + y2n−3 − z2n−2 − x2n−2 − y2n−2 + z2n−1 + x2n−1,
for 2 ≤ n ≤ p−1.We verify using the stick length sequences, −x2n−2 + x2n−1 =
(0, 0, 0) for 2 ≤ n ≤ p−1, y2n−3 − y2n−2 = (0,−1, 0) for 2 ≤ n ≤ p−1,
and −z2n−2 + z2n−1 = (0, 0,−1) for 2 ≤ n ≤ p− 1. Therefore, we can
simplify the former recursive definition to
vn = vn−1 + (0,−1,−1),
for 2 ≤ n ≤ p− 1, and express the sequence in closed form as
vn = (2, 1− n, 2p− 2− n),
for 1 ≤ n ≤ p− 1. This verifies our claim that the initial critical vertex
of a y−z−-stick arc, in x-level 2, has a y and z value one less than
the previous stick’s initial critical vertex. This implies that no two
y−-sticks on x-level 2 will intersect.
All y−-sticks in x-level 2 have a length of p−1. Therefore, no terminal
critical vertex of a y−-stick in this plane lies above another y−-stick,
i.e. the y-value of any y-stick’s terminal critical vertex is greater than
all y-values of each sequential y-sticks in x-level 2. Thus, no z−-stick
of a y−z−-arc will intersect a y−-stick nor another z−-stick on x-level
2, and, resultantly, x-level 2 contains no double points.
Altogether, we have that Figure 5 tabulates a knot. For p = 7, the
tabulation constructs the knot in Figure 7.
Figure 7. T7,8
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5. Torus Verification
In order to verify that these knots are torus knots, we will generate
a scalable toroidal polyhedron that Tp,p+1 can be embedding into.
Figure 8. Torus with embedded T3,4
We will first show that, excluding the final y−- and final z−-stick,
each stick type is coplanar. This was verified for the remaining y−- and
z−-sticks in pursuit of proving our closed curve had no double points,
Figure 6. We will use an analogous method to show coplanarity of the
remaining stick types; we will use the collinearity of critical vertices.
The convex hull of each stick type will then be used as a face of the
polyhedron.
A coplanarity argument for each stick type follows.
z+: We will show that all initial critical vertices of z+-sticks are
collinear. Let vn represent the nth z
+-stick’s initial critical vertex.
Then, v1 = (0, 0, 0) and
vn = vn−1 + z2n−3 + x2n−3 + y2n−3 − z2n−2 − x2n−2 − y2n−2,
for 2 ≤ n ≤ p. We have z2n−3 − z2n−2 = (0, 0, 1), y2n−3 − y2n−2 =
(0,−1, 0), and x2n−3 − x2n−2 = (−1, 0, 0). Therefore,
vn = (1− n, 1− n, n− 1) = (1, 1,−1) + (−1,−1, 1)n,
for 1 ≤ n ≤ p.
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y−: Since all initial critical vertices of z+-sticks are terminal criti-
cal vertices of y−-sticks, the collinearity of the z+-stick initial critical
vertices implies that the terminal critical vertices of the y−-sticks are
collinear. Thus, the y−-sticks are coplanar.
x+: As seen in the earlier verification associated with Figure 6, the
initial critical vertices of the y−-sticks, excluding the final y−-stick, are
collinear with vn = (2, 1, 2p − 2) + (0,−1,−1)n for 1 ≤ n ≤ p − 1.
This implies that all but the final x+-stick’s terminal critical vertices
are collinear and at least all but the final x+-sticks are coplanar.
The final x+-stick has an initial point of (1−p, 1−p, p), the penulti-
mate x+-stick has an initial point of (2−p, 2−p, 1+p), and the x+-stick
previous to this has an initial point of (3− p, 3− p, 2 + p); these initial
critical vertices are collinear. Therefore, the final three x+-sticks are
coplanar implying that all the x+-sticks are coplanar.
x−: Since all of the y−-sticks’ terminal critical vertices are collinear
and all y−-sticks are of equal length, the y−-sticks have collinear initial
critical vertices. Therefore, all x−-sticks’ terminal critical vertices are
collinear, and all x−-sticks are coplanar.
Excluding the final y−- and z−-sticks, the convex hull of a stick type
intersects two other convex hull of stick types; the convex hull of a
stick type intersects the convex hull of the stick type prior and after in
the stick type sequence. This produces a band with two twists, seen in
Figure 9, that Tp,p+1, partially, embeds into.
Figure 9. T7,8 superimposed with planar faces
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Importantly, the geometry of this band remains fixed for all Tp,p+1.
Meaning, gluing of addition polygonal faces to Figure 9 to create the
torodial polygon of Figure 10, is a general operation. The geometry
of Figure 10 welcomes an embedding of the general Tp,p+1. An explicit
parameterization of the remaining torodial fragments is cumbersome
and has been omitted to save space.
Thus, Tp,p+1 is a torus knot for each p, notably a (p, p + 1)-torus
knot. The type of torus knot is verifiable from Figure 10.
Figure 10. Torus with embedded T7,8
Theorem 5.1. sCL([Tp,p+1]) = 6p
Proof. For any knot type, sCL([K]) ≥ 6b[K], where b[K] is the bridge
index of [K] [1]. The bridge index of a (p, q)-torus knot is min(p, q), so
sCL([Tp,p+1]) ≥ 6p. Since we verified a lattice knot of 6p sticks to be a
conformation of Tp,p+1, sCL([Tp,p+1]) = 6p.

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6. Irreducibility
We would like to eliminate any unnecessary length in the Tp,p+1
knots. In general, one may arbitrarily isotope, radially, a portion of
a smooth knot toward infinity. This has the ability to increase the
distortion of the embedding with minimal alterations to its geometry
in a neighborhood excluding the adjustment.
Figure 11. Distortion increasing stretch
Such a stretch spoils the geometric interpretation of the configura-
tion’s distortion.
For lattice knots, the removal of such a stretch has a maximal reduc-
tion. The confines of the lattice limits the amount such a perturbation
can be inwardly reduced, before a stick is eliminated. We seek to re-
duce the knot in a fashion that decreases the volume of the minimum
bounding box.
As earlier discussed, each level of our Tp,p+1 conformations contains a
figure “L” arc preceded and followed by parallel sticks, the “legs” of the
“L”. For our purposes, the above heuristic manifests as a movement
of an “L” by a reduction of its legs, Figure 12.
We not only want to reduce the volume of the minimum bounding
box but also minimize the step length isotopically through the same
motion of minimizing the legs of an “L”. Altogether, this strengthens
the result that this class of knot configurations has arbitrarily high
distortion since an aspect of minimality is introduced.
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Figure 12. Reduction of T2,3
While the retraction of an “L” is a reduction of a pair of parallel
sticks, of opposite signs, we will first discuss the implications of reduc-
ing a sole stick. We will then use this to show that no stick in our Tp,p+1
can be reduced in this fashion, implying that no “L” can be retracted.
Any stick, si, of the knot can be positioned to satisfy the relative
geometry of Figure 13 . In an attempt to shrink si, v0 or vf would
move into the interior of the stick, an integer length. For the purpose
of this discussion, endow the four sticks in Figure 13 with a clockwise
orientation.
Figure 13. Range of motion planes for shrink action
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Then, a movement of v0 in an attempt to shrink si will move the two
sticks prior to si. If v0 is slid along si to vf , the two previous sticks
would trace the blue and red plane segments.
If vf is slid along si to v0, the succeeding sticks would trace the
yellow and purple planes. If either the blue or red plane segments
intersect the knot at a point that is one away, in the `1 metric, from
the respective stick that traces the plane, then si cannot be isotopically
reduced with the orientation.
If the yellow or purple plane intersects the knot at a point that is one
away from the respective stick, then si cannot be isotopically reduced
against the orientation.
If si cannot be reduced with and against the orientation, then si is
isotopically irreducible.
For general lattice knots, this condition is sufficient but not necessary
to determine that a given stick cannot be reduced without producing
a double point.
Our Tp,p+1 knots are irreducible in this fashion. To avoid a cumber-
some, abstract showcase of this, we will briefly discuss the irreducibility
of the sticks in Figure 6.
From earlier discussion, accompanying Figure 6, the z-sticks cannot
be reduced with the orientation and the y-sticks cannot be reduced
against the orientation. This is easily seen by the position of the critical
vertices. The opposite directions of reduction are more subtle.
The z-sticks in this plane cannot be reduced against the orientation.
This is true since the sequential y−-stick would intersect the second
sequential x−-stick of a given z-stick in the plane of Figure 6
The y-sticks in this plane cannot be reduced with the orientation. If
the first y-stick, the stick with initial vertex v1 in Figure 6, is reduced
with the orientation, then the previous z+-stick would intersect the
second to last x−-stick. If any other y-stick is reduced with the orien-
tation, then the previous x+-stick would intersect the second previous
z+-stick.
An analogous process continues to show that each stick of our Tp,p+1
cannot be reduced.
7. Proof of the Main Theorem
Recall that vertex distortion of a lattice knot is defined as
δV (K) = max
p,q∈V (K)
dK(p, q)
d1(p, q)
.
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We will find a, b ∈ V (T2p,2p+1) such that lim
p→∞
dK(a,b)
d1(a,b)
= ∞. This will
prove Theorem 1.2 since
dK(a, b)
d1(a, b)
≤ max
p,q∈V (K)
dK(p, q)
d1(p, q)
= δV (K).
We will analyze the distortion value of a pair of vertices in the afore-
mentioned T2p,2p+1 knots, see Figure 5. There is a point on the p/2 th
z−-stick that lies one away in space from a point on the final y+-stick,
see Figure 14.
Figure 14. Distortion path of T8,9
We will calculate the distortion value of this pair.
Since the points lie one away in ambient space, the distortion value
will be equal to the shorter of the two path lengths. Let us count the
length of the path following the positive orientation, beginning at the
point on the z−-stick.
We begin with a partial z−-stick of length p/2 and end with a y+-stick
of length 3p/2 − 1. Of the remaining sticks, there are p/2, y−-sticks;
each of these sticks has a length of p. Thus, the total length of the
y−-sticks is
p2/2.
There are p/2−1, y+-sticks; each of these sticks has a length of p−1.
Thus, the total length of the y+-sticks is
p2/2− 3p/2 + 1.
The x+-sticks have lengths following the sequence: p/2 + 2, p/2 +
3, . . . , p/2 + p/2, p; this sequence has p/2 terms. The total length of
the x+-sticks is
3p2/8 + 3p/4− 1.
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The x−-sticks have lengths following the sequence: p/2 + 2, p/2 +
3, . . . , p/2 + p/2, p/2 + p/2 + 1; this sequence has p/2 terms. The total
length of the x−-sticks is
3p2/8 + 3p/4.
The length of the z− and z+ sticks together follow the sequence:
p− 1, p− 2, . . . , 3, 2, 1. The total length of the z-sticks is
p2/2− p/2.
Therefore, the length of the curve is
9p2/4 + 3p/2− 1.
Since the total length of the knot is 5p2 + 3p− 2, the second path from
one vertex to the other has a length of
11p2/4 + 3p/2− 1.
This implies the first path is the shorter of the two and that
9p2/4 + 3p/2− 1
is the distortion value of the two vertices.
At this point the main theorem is proven. This gives a lower bound
on the distortion that increases quadratically as p increase. It is easy
to computationally check all pairs of points for small p, in fact the
distortion is equal to the lower bound for even p less than 12; another
formula, 11p2/4− p− 11/4, is easily verified through computation for
small odd p.
For even p greater than 10, the distortion realizing points do not lie
on the largest y+-stick and p/2 th z−-stick. For even p greater than 12
and less than 24, we have verified that one distortion realizing point
lies on the longest y+-stick but the other lies on p/2− 1 st z−-stick.
There are only four sticks to add to the previous computation when
counting the length of the one-larger-median pair of vertices. Subtract-
ing this length from the total length of the knot gives the distortion
lower bound of
11p2/4− 7p/2− 5.
This can be verified, computationally, to be the actual distortion for
even p greater than 10 and less than 24.
8. Conjecture
The following conjectures naturally arise from the above discussion.
Conjecture. lim
p,q→∞
δV ([Tp,q])→∞
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Conjecture. δV ([K]) = 1 ⇐⇒ [K] = [U ]
Theorem 3.2 gives one direction.
Proposition 8.1. If no lattice knot in [K] has vertex distortion 1 while
δV ([K]) = 1, then any sequence of knots whose vertex distortion ap-
proaches 1 is of arbitrarily large length.
Proof. Since δV ([K]) = inf
K∈[K]
δV (K) = 1, there exists a sequence of
lattice knots in [K] such that lim
n→∞
δV (Kn) = 1. We have that δV (Kn) =
max
p,q∈V (Kn)
dK(p,q)
d1(p,q)
= dK(p
′,q′)
d1(p′,q′)
= an/bn for relatively prime positive integers
an, bn and some pair p
′, q′ ∈ V (Kn). Let α = gcd(dK(p′, q′), d1(p′, q′)).
Then dK(p
′, q′) = αan and an ≤ dK(p′, q′).
Suppose an is bounded above by ` ∈ Z for all n. Then an ∈
{2, 3, . . . , `} for each n. Thus, there are only finitely many possibil-
ities for bn, all relatively prime integers of each integer from 2 to `.
Therefore, {δV (Kn)}n∈N is a finite set. A sequence that only takes
on finitely many values cannot converge to a value outside its range.
Since δV (Kn) 6= 1 for all n, we have that an is unbounded.
Thus, lim
n→∞
dK(p
′, q′) =∞.
For every  > 0 there is an N such that
n > N =⇒ |δV (Kn)− 1| < .
Also, for every M ∈ N, there is an n′ > N such that dK(p′, q′) > M for
some distortion realizing points p′, q′ ∈ V (Kn′).
Also, M
d1(p′,q′)
< δK(Kn′) <  + 1 implying
M
+1
< d1(p
′, q′). Thus,
lim
n→∞
d1(p
′, q′) =∞, i.e. take M →∞ for fixed .

The vertex distortion of a lattice knot measures the extremity of how
far geodesic paths along the knot deviate from being staircase walks.
We see from Proposition 8.1 that there exists knots of arbitrary large
length whose paths become arbitrarily close to being staircase walk
whenever the lattice knot type has a distortion of one. If δV (K) > 1
whenever K /∈ [U ], then Conjecture 8 is true.
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